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Abstract 

We consider natural conformal invariants arising from the Gauss-Bonnet formu- 
las on manifolds with boundary, and study conformal deformation problems associ- 
ated to them. 

The purpose of this paper is to study conformal deformation problems associated to 
conformal invariants on manifolds with boundary. From analysis point of view, the prob- 
lem becomes a non-Dirichlet boundary value problems for fully nonlinear equations. This 
may be compared to a work by Lieberman-Trudinger [22] on the oblique-type boundary 
value problems. 

Let {M,g) be a compact, connected Riemannian manifold of dimension n > 3 with 
boundary dM. We denote the Riemannian curvature, Ricci curvature, scalar curvature, 
mean curvature, and the second fundamental form by Riem, Ric, R,h, and La/3, respec- 
tively. 

The Yamabe constant for compact manifolds with boundary is a conformal invariant, 
defined as 

Y{M,dM,[g]) = ^ inf (/ R^ + <f h^), 

9^l9],Vg=i Jm JdM 

where [g] is the conformal class of g. It was proved by Escobar [9] that for most compact 
manifolds with boundary, the Yamabe problem is solvable; i.e., there exists a conformal 
metric such that the scalar curvature is constant and the mean curvature is zero. 

To study a nonlinear version of the Yamabe problem, we consider the Schouten tensor 
defined as 

1 R 
Aa = (Ric -, -q). 



The problem consists in finding a metric g = e~'^^g such that the (7k{Ag) curvature is 
constant, where ak is the kth elementary symmetric function of the eigenvalues of Ag. 
When k = 1, the problem reduces to the original Yamabe problem. 

In dimension four, the cr2{Ag) curvature is related to the Gauss-Bonnet formula and 
Jj^j a2{Ag) is a conformal invariant on closed manifolds. Chang- Gur sky- Yang [3], [1] proved 
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that if the Yamabe constant Y{M, [g]) and a2{Ag) are both positive, then we can find 
a conformal metric g such that a2{A^) is a positive constant; see also [18]. For locally 
conformally flat closed manifolds, Li-Li [2T] and Guan-Wang [TB] proved that if ai{Ag) > 0, 
for I < i < k, then we can find a conformal metric g such that crfc(v4^) is constant. When 
2k > n, the result was generalized by Gursky-Viaclovsky [17] to non locally conformally 
flat closed manifolds; see also Trudinger-Wang [27]. Other related works include Guan- 
Lin-Wang |15j, Ge-Wang [12] and Sheng- Trudinger-Wang p6]. 

Let M be a four-manifold with boundary. The Gauss-Bonnet formula is 

32n\{M,dM)= [ |W|2 + 16(/ a^^Ag) + \ I Bg), (1) 

Jm J M ^ JdM 

where Bg = \Rh — Rnnh — R^a-tpL"'^ + — h\L\'^ + |trL^, and /^^ ^2 + \ ig^^ is a 
conformal invariant. We have the following existence result. Recall that the boundary 
dM is called umbilic if L^^ = ^{x)gap-, which is a conformal invariant condition. 

Theorem 1. Let {M,g) be a compact connected four-manifold with umbilic boundary. 
If Y{M, dM, [g]) and Jj^ja2{Ag) + ^^gj^.^Bg are both positive, then there exists a metric 
g G [g] such that a2{Ag) is a positive constant and Bg is zero. 

We will prove a more general result than Theorem [H 

Theorem 2. Let (M, g) be a compact connected four-manifold with umbilic boundary. 
Suppose that {M,g) is not conformally equivalent to {S^,gc), where gc is the standard 
metric on the hemisphere. If Y{M,dM, [g]) and Jj^cr2 + \§qm^9 ^'^^ ^^^^ positive, then 
given a positive function f , there exists a metric g G [g] such that a2{A^) = f and Bg is 
zero. 

An application of above theorem to Einstein manifolds is given in Section 12.31 
For general k, we define suitable boundary curvatures and show variational properties 
of CTfc. Let = [Aap] be the tangential part of the Schouten tensor. Define 

^ f ^2^2AA^, L) + (,_4„3) a3,o(A^, L) n > 4 

1 2a2,i{A^, L) + -\h\L\'' n = 3, ^ > 

where CTjj's are the mixed symmetric functions; see Section [H For A; > 3, we define 

B^ = Y!l=lCr{n,k,i)a2k-i-iAA^.L) n>2k, (3) 

where Ci{n,k,i) = (^^"fc')7(2fc^27-i)!U! " stands for the double factorial. When the 
boundary is umbilic, we define 

fc-i 

B' = Y,C2{n,k,z)a,{A^)fi''-'^-' (4) 

for all n, where C2{n,k,i) = (^n-ky.{2k~~2i-iy.\ • Section [1], we will show that the above 
two definitions of B'^ coincide when the boundary is umbilic. 

Let T,{g) = akiA) + /g,, B^^ and M = {g : g e [go],Vg = 1}. 
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Theorem 3. Let (M, go) be a compact manifold of dimension n> 3 with boundary. 

(a) Suppose n 7^ 4. Then g is a critical point of T2 \m ^/ ^'^^ only if g satisfies 
o'2{Ag) = constant in M with = on dM. 

(b) Suppose n > 2k and M is a locally conformally flat compact manifold. Then g is a 
critical point of J-'k \m if (ind only if g satisfies crk{Ag) = constant in M with Bg = 
on dM. 

(c) The statement of (b) is true for all n ^ 2k if we assume in addition that the boundary 
is umbilic. 

If we add local conformal invariants to similarly we have: 

Corollary 1. Suppose C is a curvature tensor on dM satisfying C{g) = e^"^^^^^^ C{g) . 
Then under the same conditions as in Theorem\E, g is a critical point of {J-'k + § C) \m 
if and only if g satisfies (Jk{Ag) = constant in M with Bg+C = on dM. 

For closed manifolds, Theorem [3] was proved by Viaclovsky [28j. He also showed that 

JFn is a conformal invariant associated to the Gauss-Bonnet formula. We will show a 

2 

generalization of this fact for manifolds with boundary in Section H] (Proposition [3]). 

We study the problem of finding a conformal metric g such that ak{A^) is constant 
and = 0. For k = 2 and = 4, Theorem [T] shows that the problem is solvable under 
some conformal invariant conditions because when the boundary is umbilic, B = 2B^. We 
remark that the boundary condition we find here in general involves second derivatives, 
which is highly nonlinear. Such boundary condition is rare in the literature. 

We introduce some definitions and then state the result for general k. Let W he a. 
matrix with eigenvalues Ai, ■ ■ ■ , A„. For k < n, a^iW) = J2ii<---<i^, ^ii^i2 ' ' ' -^«fe called 
the kth elementary symmetric function of the eigenvalues of W. The set = {A : 
crj(A) > 0,1 < i < k} is called the positive fc-cone, which is is an open convex cone with 
vertex at the origin [H]. Now we can define higher order Yamabe constants for manifolds 
with boundary. When {g : g E [(7], G F^_^} is nonempty, let = inf J-'k{g) where inf is 
taken over metrics g G [g] with G F^_^ and Vg = 1. When {g : g E [g],A^& ^t-i} ~ 
let yk = —00. We denote = Y{M,dM, [g]). For closed manifolds, 3^^ was defined by 
Guan-Lin-Wang [15]. For locally conformally flat closed manifolds, Guan-Lin-Wang [15] 
proved that if 3^^ > and 2k < n, there exists g G [g] such that <7k{Ag) = 1. For manifolds 
with boundary, we have: 

Theorem 4. Let (M, g) be a locally conformally flat compact manifold of dimension 
n > 3 with umbilic boundary. Suppose that 2k < n and 3^i, ■ ■ ■ , 3^^ > 0. Then there exists 
a metric g G [g] such that ak{A^) = 1 and B^ = 0. 

Proofs of Theorem [1], [2] and H] turn out by solving some boundary value problems 
for fully nonlinear equations. Under the conformal change of the metric g = e~'^^g, the 
Schouten tensor A satisfies 

A = V'^u + du® du--\Vu\'^g + Ag. (5) 
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The second fundamental form satisfies Le" = + Lg, where n is the unit inner normal. 



When the boundary is umbilic, the formula becomes /ie~" = |^ + /ig. We will show in 
Section [T] that when Ag e and when the boundary is umbilic, then = if and only 
if hg = 0. Thus, the problem becomes solving 



al:{V^u + du® du - l\Vu\'^g + Ag) = e''^'^ inM 

du 
dn 



t + /i, = ondM. 



(6) 



We will prove boundary estimates for equations more general than ([6]). We use Fermi 
coordinates in a boundary neighborhood. Define the half ball by = {xn > 0, xf < 
r^} and the segment on the boundary by = {xn = 0,^^xf < r^}. Let f{x,z) : 
M" X M ^ M+. Consider the equation 

F(y'^u + duiS) du - l\Vu\'^g + S{x)) = f{x,u) in'B^ 
^ + lig = fie-^ onEr, 

where F satisfies some structure conditions as we describe now. Let F be an open convex 
cone in with vertex at the origin satisfying F+ C F C F^. Suppose that F{X) = 
F{ai{X), ■ ■ ■ ,o"„(A)) G C°°(F) fl C°(F) is a homogeneous symmetric function of degree 
one normalized with F{e) = F{1, ■ ■ ■ , 1) = L Assume that F = on 9F and F satisfies 
the following in F : 

(50) F is positive; 

(51) F is concave (i.e., is negative semi-definite); 

(52) F is monotone (i.e., is positive); 

(53) !£■ > e^, for some constant e > 0, for all i. 
In some case, we need an additional condition: 

(A) Ej^i If < p|£, for some p > 0, for all A G F with < 0. 

It was shown in [7| that (^) aj: satisfies the structure conditions (S0)-(S3) and (A) in 
F^ with e = ^ and p = {n — k). 

We assume that S{x) satisfies the following conditions on the boundary: 

(TO) San — fJ'a] 

(Tl) SoifB + Snngal3 < Ranl3n', 

(T2) Soif3,n — '^pSajS < P-ajB ~ Ranl3nfJ', 

where means covariant derivatives of /i with respect to the induced metric ga/s on the 
boundary. 
Denote 

Cm/(r) = inf^g;g+ fix,u); 

Csupir) = sup^.g-g+ (/ + I Vx/(x, u) I + \f^{x, u) I + \Vlf{x, u) \ + {V^fzix, u) \ + \fzzix, u)\). 

Theorem 5. Let F satisfy (S0)-(S3) in a corresponding cone F and S{x) satisfy (TO)- 
(T2) on Sr. Suppose that |Vx/| < A/ and \fz\ < A/ for some number A, and is 
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umbilic with principal curvatures /i. Suppose u & is a solution to the equation 
Case(a). If fi = 0, then 

sup (|Vnp + |V^m|) < C, 



where C — C{r, n, e, A, ||'S'||^2(;b+)! Ikllcs, Csup 

Case(h). Suppose that F satisfies the additional condition (A) and dV. If fi is a 
positive constant, then 

sup {\Vu\^ + \V^u\) < C, 
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where C = C(r, n, e, p, /i, /i, A, \\S\\^2(b+)i Ikllc^, 111%+ u,Csupir)). 

When the manifolds are locally conformally flat on the boundary, we will show in 
Section [1] that Ag satisfies the conditions (T0)-(T2). Denote the Weyl tensor by Wijki 
and the Gotten tensor by Cijk = Aij^k — Aikj. Then we have the following Corollary. 

Corollary 2. Let F satisfy (SO)- (S3) in a corresponding cone T. Suppose that is 
umbilic with principal curvatures fi and n is the unit inner normal with respect to g. 
Suppose yVijki = and Cijk = on T,r. Let u E he a solution to the equation 



F{V^u + du(g) du- l\Vu\^g + Ag) = f{x)e-^'^ iriB. 

du 
dn 

Case(a). If fi = 0, then 



(8) 



sup {\Vu\' + \V'u\) < C, 
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where C depends on r,n,e, 11, mf^+ u, \\g\\c'^, \\f\\c'^(B^) ^''^'^ ^^^5+ f- 

Case(b). Suppose that F satisfies the additional condition (A) and dV. If ji is a 
positive constant, then 

sup (|Vm|^ + |V^m|) < C, 
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where C depends on r,n,e, p, fi,mi-^+ u, \\g\\c'>', \\f\\c2(B+) and m{j^+ f. 

The next estimates concern the (T2 equation. Let A^ = A-\- ^{trA)g] see |18]. Under 
the conformal change, the tensor A* satisfies 

1 1 — t n — 2 
A* = V\ + du®du- -\Vu\'^g H ^(^^ ^1 V^^Hfi' + 

Consider the equation 

ajiy^u + du®du- \\Vu\'^g + ^(Am - '^\Vu\'^)g + A' + S) = f{x, u) inB^ 
+ = onK, 

(9) 

where S{x) is a (0,2)-tensor and f{x,u) is positive. 
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Theorem 6. Let n > A. Suppose that is umhilic with principal curvatures jjL. Let 
w* & be a solution to the equation 
(a) When t = 1, we have 

sup iVul"^ < C3, 

X&St 

where C3 = C^{n,r, ||^||c4, ||5'||(^2(b+)' Csup(O) independent ofcinf{r). 

(h) Let —0 < t < \. Suppose in addition that S satisfies San = and g'^^^Sap^n — 
2fiSa/3) < on Tir- Then 

sup (|Vm|2 + iV^iil) < C4, 

x£Bt 

where C4 = C4(n, r, 6, WqWc^, ||5'||^2^-g+^, Csup(r), Cinf(r)). 

The main technique we use in proving Theorem [5] and [6] is to derive boundary 
estimates directly from boundary C° estimates. Such idea has appeared before in the 
work by Chen [6| for local estimates for a large class of equations. (See for a 
related work.) The same idea has also been applied to boundary estimates in [7]. To 
control boundary behaviors, we do not construct a barrier function. Instead, we estimate 
the third derivatives uniformly on the boundary. Then the maximum of second derivatives 
must happen in the interior. 

Finally, we remark that the conformal invariants condition in Theorem [T], [2] and H] is 
necessary. A counterexample can be constructed on a cylinder if the condition does not 
hold. We also remark that the Dirichlet problem for the Schouten tensor equations was 
studied by Guan [14J. The Neumann problems and non-Dirichlet problems are, on the 
other hand, not yet well studied. 

This paper is organized as follows. We start with some background in Section [H In 
Sections [2], we prove Theorems [H [2] and their application. We give proofs of Theorems [3] 
and Corollary [1] in Section [3l In Section HJ we prove Theorem H] and Proposition [31 At 
the end, we prove boundary estimates. The proofs of Theorem [5] and Corollary [2], and 
Theorem E] are in Sections and El respectively. 

Acknowledgments: Part of the work in this paper is in the author's thesis at Prince- 
ton University. The author is grateful to her advisor, Alice Chang, for her support, help 
and patience. 



1 Background 

We give some basic facts about homogeneous symmetric functions. 

Lemma 1. (see j^). Let F be an open convex cone with vertex at the origin satisfying 
F+ C F ,and let e = [1, ■ ■ ■ , 1) be the identity. Suppose that F is a homogeneous symmetric 
function of degree one normalized with F{e) = 1, and that F is concave in F. Then 
r«;E.A.^ = F(A), forXeV; 



6 



Now we list further properties of elementary symmetric functions. 

i_ 

Lemma 2. (see f^). Let G = .k < n. Then 
(a) G is positive and concave in F^. 

(h) G is monotone in T^, i.e., the matrix G*-' = is positive definite. 

(c) Suppose A G r^. For < I < k < n, the following is the Newton- MacLaurin 
inequality 

k{n-l + l)ai-iak <l{n-k + l)aiOk^i. 

Let W heaumxm matrix. Tk{W) = at I — cxk-iW -\ h {—1)''W'' is called the kth 

Newton tensor of W; [25]. We have the recursive formula Tk(W) = ak{W) I -Tk-i{W)W. 
Furthermore, ^|fg^ = T^_i{W) and tr TkiW) = (m - k)akiW). 

We introduce some more notations. Given an n x n matrix A, denote the upper left 
(n — 1) X (n — 1) sub-matrix by = [Aa/3]. The Greek letters l<a,/?, 7<n — 1 stand 
for the tangential indices and the letters 1 < i, j, k < n stand for the full indices unless 

otherwise noted. The Kronecker symbol f | is defined as in 

Lemma 3. Let A be an n x n matrix. 

\3q. 



(c) T,(A)l = 
(i) T,(A)l = -T,_,(^'-)J/1«. 

Proof. For (a) and (b), see [25] • (c) is directly from (a) and (b). (d) follows by an 

observation that r,(A)^ = 1 ^ (" ^1 " " " '^-^ ^ " ^ . . . "^M^". 

□ 

We define the mixed symmetric functions and Newton tensors: 
Definition 1. Let A and B be m x m matrices. Then 

^,AAB) = ( ) --KKti ■■■k-^ 

Denote a variation of a tensor A by ^4'. The next lemma is used in proving Theorem [31 

Lemma 4. Let A and B be m x m matrices. Suppose that A'j = kAlcf) + M/ and 
B'i = lBi(j) + Ni. Then 

(a) T,,riA, B)]A^ = {q+ B) 
(b)cr'^+i,r+iiAB) = ikir + l) + liq-r))ag+i,r+iiA,B)(j) 

+ ^r,,.(^, B))M^ + gT,,.+i(A, B)]N^ 

(c) a'^^M) = Hq + + T,{A)}M^. 



Proof, (a) follows by definitions; see [25], and (c) follows by (b) by letting r = q. For (b), 
KAA, B)l = {kr + l{q - r))T,,{A, B))<P + 1 E ( \ \ ) x 



Using (a) and the formula above, we then have 

(? + lK+i,.+i(Ai?) = {kT + l{q-r))T,M^B)]4(t> + rT,M^B))Mi 

+ {q- r)T,,,+i(A BY^Nf + T,,,(A B)]{kM(t> + Mf). 

Using (a) again gives the result. □ 

Now we check that two definitions of S'^'s, ([3]) and (jlj), coincide when the boundary 
is umbilic. By definition. 



q—r 



Therefore, = j||^^rTZ^cr,.(yl^)^'? and ELo ^' ^)^2fc-*-i,i(^^, /US') = 

Next, we show some properties of curvatures on the boundary. We review two of the 
fundamental equations: Rijki,m + Rijmk,i + Rijim,k = (Bianchi identity) and RaP'^n = 
-^a7,/3 ~ Lp^^a (Codazzi equation), where n is the unit inner normal with respect to g. In 
Fermi (geodesic) coordinates, the metric is expressed as 5^ = dx"'dx"' + Qapdx'^dx^ . The 
Christoffel symbols satisfy 

^0/3 = Lap, T^an = —La^g'^'^, ^an = (10) 

on the boundary. When the boundary is umbilic, they become 

np = figap, T^an = -f^Sap, = 0. (11) 

We denote the tensors and covariant differentiations with respect to the induced metric 
gai3 on the boundary by a tilde (e.g. Rap, fJ-ap)- Then the Christoffel symbols satisfy 

P7 _ 1 „iSt d9a5 , dgps dgap , . 

^-^"2^ ^^p^^~^^~^-^- ^^^^ 



We also denote the Laplacian in the induced metric by A. 
The next lemma gives us the relation between and hg 

Lemma 5. Let {M,g) be a compact manifold with umbilic boundary. If hg = on the 

3g = 0. Conversely, if Bg 



boundary, then we have B^ = 0. Conversely, if B^ = on the boundary and if in addition 



Ag e Tt, then kg = 0. 
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Proof. Let La/s = ^iga/s- By Definition [H a2,i{A'^,L) = a2,i{A'^ , /ig) = |trTi(A^)/i = 
^^^^ai{A'^)fi. Therefore, wlien n > 4, we obtain = o'i{A'^)fi + („_2)(^_3) 
{aiiA'^) + ^fi')fi. Wlien n = 3, = + |(2/i)3 - i(2/i)(2/i2) = {a,{A'^) + l^I^)^I. 

For /c > 3, we liave B'^ = iJ2i=o ^2(^1, k, i)ai{A'^)fi^^~^^~^)n, wliere C2(n, A;, z) is positive. 

Since (n — = /i, if /i = 0, then clearly = 0. When Ag G F^, by Lemmas [2] and 
Owe have Ti{A)'^ = ai{A'^) is positive for i < k. As a result, = implies h = 0. □ 

We verify that the Schouten tensor satisfies conditions (T0)-(T2) when W = and 
C = on the boundary. 

Lemma 6. Suppose that the boundary is umbilic. Let n he the unit inner normal with 
respect to g. Then 

(a) Aan = fJ-a on dM] 

(^) /"a/3 = ^ari,P + Ann^Qafi " A^pli On dM] 

(c) If W = on dM, then we have Rnan/3 = A^p + Anngap on the boundary. If in 
addition C = on dM, then Aaf3,n — '^l^Aap = f^afs ~ Rcmpnk''- 

Proof. By the Codazzi equation, we get Ran = {n — 2)/!^ and A^n = /^a- 
For (b), we use (a), ([II]) and (^2i> to get 

For (c), using the curvature decomposition formula Rijki = yVijki + Aikgji + Ajigik — 
Aiigjk - Ajkgu, we first get RnanfS = Anng^p + A^p when W = 0. If in addition C = 0, 

then Aal3,n — 2/iAa/3 = Aan,l3 — 2/iAa/3 = Aan,l3 + fJ'Annga(3 — " RanfinfJ-- □ 

The next lemma will be used in proving Theorem [5] and El 

Lemma 7. Suppose dM is umbilic. Let u satisfy Un = — /i + /ie~", where fi is constant. 
Then we have 

-IJ.^U.ygal3 + Rnf3an{-IJ' + Ac"") " K'l^ + f^e'^'f ga/S ■ 

Proof By ([II]), Una = daUn - ^^n'^j = daUn + /itfa = - flUaCj^ + ^.Ua- For ([H]), by 

([II]) and ([12]) Una(3 = dpUna " T^n^ija " T^^Wnj = dpUna + " T^^Mn^ - IJUnngaf3- NoW 

by ([H, ([II]) and u„ = -/u + /ie"", 

Unaf3 = '<^naP + A*^/3a ~ l^Unngafi 

= -l^a$ - A«a/3e~" + flUaUf^e''' + fifsUa + 2fiUal3 - fJ^Unnga/S " + fj.e'^'fgap. 

On the other hand, using the Codazzi equation gives Uapn = u^ap + Rn/SajUj = Unap + 
IJ'aUp — fi-yU-ygaf3 + RniSani—fJ- + ^6""). Combiug abovc formulas yields ([H]). □ 

The last lemma of this section is a boundary version of the Bianchi identity. 
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Lemma 8. Suppose that the boundary dM is umbilic and under a conformal change 
g = e^'^^g, L^p = near a boundary point xq. Then g^^ Aap^n = 2/i(7"^ylQ^ at xq. 

Proof. We denote the covariant differentiation with respect to the new metric ^ by V. 
Since Lap = 0, by the Codazzi equation Rap-jn = 0. Therefore, we have R^n = and 

Aan = at Xq. Hence, V pRan = dpRan — ^^aRkn — ^^nRak = ~r^^i?„„ — T^^^Ra^y. By 

(fTTj) . both T"^^ and T'^,^ are zero. Thus, we have VpRan = 0. 

On the other hand, by the Bianchi identity, = S/nRiakp + ^kRia/Sn + pRiank- 
Contracting indices i and k gives = V nRap+g^^^ kRiapn — ^ i3Ran- Noting that V pRan = 
and = 0, contract indices a and /? to get = g^'^VnRap — g^'^^kRin = g^^'^nR-afi — 
^""V„/?„„. Therefore, 

r^^uKp = -^—{g''>'VnRal3 - ^Rn) = ^, ^ A ^^VnRaP ' ^""V„^„„) = 0. (15) 

[n — z) I 2[n — 2) 

Using Aan = 0, f^^ = = and ffTTl) . we finally arrive at 

= ^°^V„i„^ = g'^^dnAap = r^{Aap,n + Ti^Ar^p + VipAk^) = g"^{Aap,n - 2/ii„^). 

□ 

2 Four- manifolds 

In this section, we only consider n = 4. We prove Theorem [2] and Corollary [3l The proof 
of Theorem [2] consists of two propositions: 

Proposition 1. Let {M,g) be a compact connected four-manifold with umbilic boundary. 
IfY{M, dM, [g]) and (^2 + \ §g^j; are both positive, then there exists a metric g G [g] 
such that Rg > 0, <J2{Ag) > 0, and the boundary is totally geodesic. 

Proposition 2. Suppose (M, g) is a compact connected four-manifold with totally geodesic 
boundary. If Rg > 0, o'2{Ag) > 0, and {M,g) is not conformally equivalent to (S^,gc), 
then given a positive function f there exists a metric g G [g] such that (J2{Ag) = f and Bg 
is zero. 

We will prove Propositions [1] and [2] in Subsections 12.11 and 12.21 respectively. 
2.1 Conformal Metric Satisfying (72 > 

We will deform a Yamabe metric to the one satisfying the properties in Proposition [H The 
deformation comes from a nice idea by Gursky-Viaclovsky |18j for closed four-manifolds. 
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Proof of PropositionUl Let the background metric g he a Yamabe metric. Thus, we have 
Rg is a positive constant and the boundary is totally geodesic. 

Let = A + ^{trgA)g. Let g = e~'^^g. For n = 4, the tensor A* satisfies A^ = 
V^u + du®du — || Vwps' + ^^(Am — I V'up)^' + A*. We can choose a large number G such 

that A-^ = \{RiCg + ^Rgg) is positive definite. Let f{x) = al{Ag®). Thus, A"® e 
and / is positive. Consider the following path of equations for — O < t < 1 : 

al{V'^u + du^du-l\Vu\^g + ^{Au-\Wu\^)g + Al) = f{x)e^''' inM 
= ondM. 

an 

Let S = {te [-6, 1] : 3 a solution u G C2'"(M) to ^ with i* e F+}. At t = -6, we 
have M = is a solution and A~® G F^. Therefore, S is nonempty. Consider the linearized 
operator : C2'°(M)n{|^ = on <9M} C"(M). It was proved in \18l (Proposition 2.2) 



- dn 

that the linearized operator is elliptic with the strictly negative coefficient in the zeroth 
order term. By elliptic theory for Neumann condition [TH], the linearized operator is 
invertible. Hence, S is open. If S is also closed, then we have a solution u to f|T6l) at t = 1 
with A^ = Ae F^. This gives g = e"^"5f satisfying a2{A) > 0, R> and fl = 0. Thus, it 
remains to establish a priori estimates for solutions to (|T6|) independent of t. 
(1) C° estimates. 

At the maximal point Xq of u, if Xq is in the interior, we have |Vm| = 0. If Xq is at 
the boundary, since |^ = 0, we also have |Vm| = 0. Therefore, we get that V^m(xo) is 
negative semi-definite and Au{xo) < 0. By Lemma [2] (c), 

/(xo)e^"(-) = ahg-'A') < y^a,ig-'A') = ^(3 - 2t) At. + ^tr, ^ < ^tr,^ < C, 

where in the second inequality we use t < 1 and Au < 0. Hence, u is upper bounded. 

Now we prove the Harnack inequality. Let H = |Viip. If the maximum of H is in the 
interior, then VH = 0, and V^H is negative semi-definite. If the maximum of H is at 
the boundary, since |^ = and //^ = 0, we have Uan = and Hn = 2uaUan + '^UnUnn = 0. 
Thus, we also have that VH = 0, and V^H is negative semi-definite. Interior gradient 
estimates for (fT6l) were proved in [18] (Proposition 4.1). We remark that the same proof 
works for boundary gradient estimates. The reason is that at the maximal point once we 
have VH = 0, and V^H is negative semi-definite, then the rest of computations in [TS] is 
the same regardless of the point being in the interior or on the boundary. Therefore, we 
get I V?/| < C. Thus, supjy m < inf^ m + C*. 

To prove that sup^ u is lower bounded, integrating the equation gives 



Ce4-PM"> f f^e^^dVg= [ a2ig-'A')dVg= [ a2ig-'A')dVg, 
Jm Jm Jm 

where in the second equality we use dVg = e~^'^dVg. Note that a2{g^^A^) = o-2{A) + |(1 
t)(2 — t)af{A). Thus, the above formula becomes 

^g4sup,,«> f ^^^^^■^^hi_t){2-t)al{A))dVg> [ a2iA)dVg. 
Jm ^ Jm 



11 



Recall that the conformal invariant /^^ (^2 + 1 /^^^ is positive. Since /i = 0, by Lemma [5] 
we get B = 0. Finally, we have 

^g4SUp,,«> f ^^^X)dVg+\l BdSg= [ a2{Ag)dVg + l- (f BgdSg>0. 

J M ^ JdM J M ^ JdM 

(2) estimates. 

Interior estimates are proved in [6]. To get boundary estimates, we use Fermi 
coordinates in a tubular neighborhood dM x [0, t] of the boundary. Note that dM is 
compact so i is a positive number. Thus, by Theorem E] (b) (with = 0) we obtain 
boundary estimates in each half ball . Since dM is compact, there are finitely 
many local charts of the tubular neighborhood. We then get the required estimates. 

(3) estimates. 

Once we have bounds, the equation is uniformly elliptic and concave. Higher order 
regularity follows by standard elliptic theories; see [I0],[20] and |23]. □ 



2.2 Conformal Metric Satisfying (72 = / 

In this subsection, we proof Proposition [2l We first prove a lemma. 

Lemma 9. Let {M,g) be a compact four-manifold with umhilic boundary. Suppose 
Y{M,dM, [g]) > 0. Then 

J M JdM 

Moreover, the equality holds if and only if {M,g) is conformally equivalent to (S^.f^c), 
where gc is the standard metric on the hemisphere. 

Proof. Denote the volume of {M,g) by Vg. Let ^ be a Yamabe metric such that Rg is 
constant and the boundary is totally geodesic. It was proved by Escobar [9] that 



Y{M,dM,g) = ^M^^ + fdM^f'S ^ ^_^y\ < Y{^X,^\g,) = sVStt. 

9 



(17) 



The equality holds if and only if (M, g) is conformally equivalent to (S^, (^c). Since /ig = 0, 
by Lemma E] we have Bg = 0. Therefore, cj2(Ag) + i ^^^^ Bg = a2{Ag) + \ Bg = 
J^^ja2{Ag). Note that a2{A) = Hj^R'^ - I^H, where E = Ric - \Rg. By ((TT]) we get 
/m <^2{Ag) + \§oM^g = \ /^di^i - \Eg?) < ^^^3 < 2^'- The equality holds if and 
only if {M,g) is conformally equivalent to (§^, (7c)- CH 

Proof of PropositionlM Let A = V'^u + dui^du — ^\Vu\'^g + Ag. Since fig = 0, the problem 
is equivalent to solve 

al{\/'^u + du(g) du- l\Vu\^g + Ag) = /(x) 6"^" inM 
^ = ondM 

an 
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with AeT^. 

Denote the volume of (M, g) hj Vg. We will use a deformation motivated by fl9], [17] 
for closed manifolds. Let Sg = (1 — C(^))(:^^^fi' ~ Ag). Consider the following path of 
equations for < t < 1 with A + S'y G F^: 



aU^^u + du0du-l\Vu\^g + Ag + Sg) = (1 - e-^") 5 + C(t)/ e'^" inM 

du 
dn 



^" - on dM, 

(18) 

where C{t) G C^[0,1] satisfies < C < 1, C(0) = 0, and C = 1 for t > i. The Leray- 
Schauder degree is defined by considering the space {u G C^'"{M) : |^ = on dM}; see 
[7]. We check that at t = the degree is nonzero. For closed manifolds, it was proved in 
[T^ that the degree is nonzero at t = 0. For manifolds with boundary, we remark that 
the same proof works. More specifically, at t = 0, f fTSj) becomes 

ali'V'^u + du^du- l\Vu\^g+ ^Vig) = (/jv^e~^")t inM 
= on dM. 

on 

By the boundary condition |^ = if the maximum (resp. minimum) of u happens at 
the boundary, we still have Vu = 0, and V^m is negative (resp. positive) semi-definite. 
Hence, as in [12] by the maximum principle, w = is the unique solution. 

Now the linearized operator V : C2'°(M) n = on dM} C°(M) at m = is 

r- _ 2 

'^{4') = 4 ^0 + 2K7 ^ Jj^ (p- Then the rest of the proof of showing the degree is nonzero 
at t = follows from [12]. Consequently, the problem reduces to establishing a priori 
estimates for f[T5]) . 

Suppose we have uniform C° bounds for (ITSl) . By [6], we get interior estimates. For 
boundary estimates, we check that S satisfies the condition in Theorem [6] (b). Since 
/i = 0, by Lemma[6] (a) we have San = and by (fT5l) g^^Sai3,n = —(1 — C{t))9°''^Aai3,n = 0. 
Hence, we have boundary estimates in each half ball in Fermi coordinates. Thus, 
higher order regularities. It remains to derive a priori C° estimates. We begin by proving 
the boundedness of the integral term in ( JTSl) . 

Lemma 10. Let u be a solution to with t G [0, 1]. Then (1 - t)(/j^ e"^")t < C. 

Proof. Since |^ = on the boundary, at the maximum point Xq, we have Vit = and V^m 
is negative semi-definite, no matter xq being in the interior or at the boundary. Thus, 

(1 - t){ I e-^«)t < 4{V^u{xo) + Ag{x^) + Sg{x,)) < a|(A,(xo) + Sg{xo)) < C. 
Jm 

□ 

Now we prove that iniM u> —C. 
(1) infM M > for t G [0, 1 - e]. 
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The analysis depends on whether the infimum point is close to the boundary or not. 
Suppose there is a sequence of solutions to (fT8|) with t = ti < 1 — e such that 
u''{pi) = inf — oo and Pi Pq. Let = e™^"' — >• +0 and di be the distance from pi 
to dM. We will show that there is a contradiction. 

Case a. Non-tangential approach. Assume — +00. 
Using the normal coordinates at pi, we define the mapping 

7; : S(0, J) C ^ M 

X expp^(ei2;) = 

On M^, define the metric gi = e^^T^g and the function = u^{Ti{x)) — Inej. Then 
^^(O) = u\pi) — Inej = and u\x) > 0. Moreover, 

al{S/lu' + du'®,Ju'-\\V,^u^\'g, + A,^ + S,:) = e^l-m [ e-'^')! + aU)f{%{x)) e-'^' 

^ J M 

on 5(0, ^) in R^. Note that gi tends to the Euclidean metric ds^ as i goes to infinity. By 
Lemma [ftl the integral term is bounded. Hence, by local estimates [6] and the fact that 
■u* > 0, we get sup^(-o^r) l^si'^^N < C'(r). Integrating from zero, we have sup5(Q -u* < C. 
On the other hand, since t <1 — e for a fixed number e, by Lemma [10] 

e-^^^dVg^ = ei [ e-^^'^dVg < ^ 

5(0,1) JB(p„ei) 

as z ^ 00. This contradicts to sup^(o,i) < C*. 

Case b. Tangential approach. Assume — < Co for some fixed number Cq. 
Let p'j be a point on the boundary such that the distance between pi and p'^ is d^. We may 
assume the Fermi coordinates are defined in a tubular neighbor of length k. Around the 
point we define the mapping 

:S+(0,f^)cl+^ M 

X Gp'^{eix) = y, 

where G is the normal exponential map; see [8J. We may assume that < f:- On M^, 
define the metric gi = e~'^U*g and the function = u^{Ui{x)) — Ine,. Let qi G i?+(0, ^) 
be the point satisfying Ui{qi) = pi. Therefore, qi E -B+(0, ^) C S+(0,Co) belongs to a 
compact subset in M^. We have u'^{qi) = u^{pi) — Ine^ = and u^x) > 0. Moreover, 

al{Vlu' + du^®g^du'-\\VgA'g. + Ag^ + Sg;) = ej{l-U){ [ e-^"")§ +C(t.)/(t/.(x)) e"^'^' 
on S+(0, ^) in 1+ with ^ = on 5+(0, ^) n {0:4 = 0}. 
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Using Theorem [6] (a), Lemma [TO] and the fact that > 0, we get sup;g^(Q ,,-) |Vg.ii*| < 
C(r). Integrating from qi, we have sup;g^(-Q (^^^ ■ff < C. On the other hand, since t < 1 — e, 
by Lemma [TOl 

/ e-^^'dVg^ =ei [ _ e-^'^'dVg < e,C ^ 

Jb+{0,Co) ' Ju,{B+{0,Co)) 

as z ^ oo. This contradicts to sup;g^(Q (^^^^ < C. 
(2) infM u > —C when t — > 1. 

Suppose on the contrary there is a sequence of solutions with ti ^ 1 such that 
u\pi) = inf —oo and pi — > po. Let = e™^"' ^ +0 and di be the distance from pi 
to dM. For simphcity, we denote e~'^^'g by and Ag. by Aj. 

Case a. Non-tangential approach. Assume — — +oo. 

Let 7^, Qi, and be as in (1) Case a. Denote the metric e~^"'(7j by ^j. Then 'u*(0) = 
u^{pi) — Inej = and u^{x) > 0. Moreover, since — >■ 1, we have C{ti) = 1. Therefore, 

aliVlff + d^ ®g^ d^ - hVgMfg, + Ag^) = e^l - U){ [ e"^"^)! + f{%{x)) e'^^' 

on 5(0, J) in Similar to (1) Case a, we get supb(o,^) \u'\ + \Vg^u'\^ + |V^^m*| < C(r). 
Now since f{%{x)) —>■ f{po), the equation is uniform elliptic and concave. Notice 

that B{0, ^) -> M^. Therefore, {u'} converges uniformly on compact sets to a solution 

' 1 

u e C°°(M'') of a| (V^M + d-u -u - || Vi/p(/s^) = f{po) e"^". By the uniqueness theorem 
[1], e~^"(is^ comes from the pulling-back of the standard metric gc on the sphere. Hence, 

4vr' ^ / ^ a2(A5J^iV^5, = / a2iA,)dVg^ < [ a2{A,)dVg^. 

On the other hand, since = 0, by Lemma [5] we have Bg. = 0. Thus, by Lemma [9] 
/^^ a2{Ai)dVg^ = Jj^^ a2{Ai)dVg^ + | ^^^^^ % dS^^ < 2n'^. This gives a contradiction. 

Case b. Tangential approach. Assume — < Cq for some fixed number Cq. 
Let p[ and k be as in (1) Case b. We may assume that ^ < ^. Let Ui, gi,qi and -u* be 
also as in (1) Case b. Denote the metric e"^"'*/^ by gi. G -B+(0, C -B+(0, Cq) belongs 
to a compact subset in M_,_. We have u\qi) = u\pi) — Ine^ = and u^{x) > 0. Moreover, 

aliVlu' + du' du' - \\VgMfg, + = e}{l - U){ [ e-'^)l + f{U,{x)) e-'^' 

on B+{0,fJ in 1+ with ^ = on B+{0,f-) n {^4 = 0}. Similar to (1) Case b, by 
Theorem [6] (a), we get sup;g^(Q^^) \u''\ + \ Vg-u''\ < C(r). Then by Theorem [6] (b), we arrive 
at sup:b^(o_,) \u'\ + \Vg^u'\ + \Vlu'\ < C{r). 

4 1 

Now {tt*} converges uniformly on compact sets to a solution u G C°°(M^) of cr| (V^u + 
du® u — \ \Vu\^ds'^) = f{po) e~^'" with |^ = on {x^ = 0}. By reflection, u extends to a 



15 



C^'" solution of the above equation in M^. Further regularities give u G C°°(R^). By the 
uniqueness theorem, e~^"(is^ comes from the pulling-back of gc- Hence, 

27r' ^ [_ a2iA~,^)dV~,^ = [ _ a^{A;)dV^^ < I aM^)dVg, 

JB+{0,f:) Ju,{B+{0,f:)) Jm 

On the other hand, since fig^ = 0, by Lemma[5]we have Bg^ = 0. Thus, by Lemma[9]and the 
assumption that (M, g) is not conformally equivalent to the hemisphere, we finally arrive 
at jj^a2{Ai)dVg^ = Jj^^ a2{Ai)dVg^ + \ §qm^'m d'^^m < 27r^. This gives a contradiction. 
(3) C° estimates. 

Once u has a lower bound, by [6] and Theorem [6] (a) we have |Vu| < C. Thus, we 
obtain sup^^ m < inf mu + C. It remains to prove that infM^i is upper bounded. Since 
1^ = on the boundary, at the minimun point xq, we have = and V^m is positive 
semi-definite, no matter xq being in the interior or at the boundary. Therefore, 

Ce-2-f« > / e-^")§+C(t)/(xo)e-2« = 4(VVxo) + A,(xo)) > 4(^.(^o)) > 0. 

Jm 

□ 

2.3 Application to Einstein manifolds 

In this subsection, we give an application of Theorem [1] to conformally compact Einstein 
manifolds. 

Definition 2. Let X'^ be a compact manifold with boundary dX = and g be a complete 
Einstein metric defined in the interior of X . {X,g) is called a conformally compact 
Einstein manifold if there exists a smooth defining function s for N such that {X, s'^g) is 
a compact Riemannian manifold with boundary. 

Each defining function induces a metric s'^g\N = go on N. Thus {X,g) determines a 
conformal structure (A^^, [go]) called the conformal infinity. The renormalized volume V 
is a invariant of {X, g) coming from the volume expansion Vol{{s > e}) = Cqc^^ + C2e^^ + 
V + o(l). 

Corollary 3. Let {X'^,g) be a conformally compact Einstein manifold with conformal in- 
finity {N^, [go])- Suppose that Y{N^, [g^]) and the renormalized volume V are both positive. 
Then there exists a conformal compactification {X,p'^g) such that a2{Ap2g) is a positive 
constant and the boundary is totally geodesic. Moreover, p is a defining function for N. 

Proof. First, Qing [21], [S] proved that if Y{N^, [go]) > 0, then there exists a confor- 
mal compactification {X, e~'^^g) such that Re-2ug is positive and the boundary is totally 
geodesic. Denote this metric by gi = e~'^'^g. Hence, we have 

F(X,iV,[^i]) >0. (19) 
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Secondly, for conformally compact Einstein four-manifolds, Andersen [T] proved that 
327r^x(X) = \W\'^dVg + 4V. Now recall the Gauss-Bonnet formula for compact four- 
manifolds with boundary: 32Ti'^x{X,dX) = [Wp + 16(/^cr2(AgJ + l/^^SgJ. Since 
the boundary is totally geodesic hg^ = 0, by Lemma Owe have Bg-^ = 0. This gives 

4 / a2{Ag,)=V>0. (20) 
Jx 

(fT9|) and (!20l) then verify the conditions of Theorem [1] Therefore, by Theorem [1] 
there is a conformal metric g2 = e'"^^ Qi such that a2{Ag^) is a positive constant and 
the boundary is totally geodesic. Thus, {X,g2 = p^g) with p = e~^'^~^'"^ is a conformal 
compactification satisfying the properties required in the corollary. Moreover, since 
is a defining function (see [21]), it follows that e~ is also a defining function. □ 

3 Functionals 

In this section, we prove Theorem [3] and Corollary [H We first prove a lemma. 

Lemma 11. Let Ag and L be the Schouten tensor and the second fundamental form, 
respectively. When the Gotten tensor is zero (i.e., Aij^k = Aikj) or when q = 1, we have 

(a) Tg(A)* j = 0. (i.e., Tq is divergence free.) 
Moreover, if (M, g) is locally conformally flat, we also have 

(h) T,M^, L)l, = ("-^-f'^-^ r,_i,.(A^, ir.A- - rTg,_M^, Lr,A-^; 

(c)T,{A^)l^ = -qT,,,_M^,Lr^Al. 

Proof. When {M,g) is locally conformally flat, (a) was proved in [28]; see also [3| for 
q = I case. Suppose (a) is true for g < m. By the recursive formula and Aij^k = Aikj, 

TmiAYj^^ = amiA)ig'^j — Tm-i{A)\^^Aj — Tm-i{A)\A^j^ = amiA)j — Tm-i{A)l.Aj^^ = 0. 

For (b), we first compute 

'rAl . . . Ai:^^L^ ■■■I^ + iq- r)A^ ■ ■ ■ A^lJc^ ■ ■ ■ lJl^_ 

where in the first equality, the first term is zero because Al"" ^ is symmetric in (ira). By 
the Codazzi equation and the curvature decomposition, we have Lq,^ p — Lp^ „ = Ra/S'yn = 
gp^. Therefore, 

T /""l" — ( I'l-'-'I'qOt \ Ah AJr T jr + l _ riq-l Jq A 
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Hence, 



By definition, V^A^ = V^A^ - L^-yA^ - L^A]^. Thus, we obtain 

= r„ , (A^, L)^ „ + ^ y f '.^ ■ ■ ■ " ■ ■ ■ 4''"' ^^'-^r 4''+' ■ ■ ■ , 

'Ji'^V ' /PjCl 1 / ^ \ j-^ . . . J jj I *1 *r-l Ct tr lr + 1 «q ' 

'i>--- .ii---<" 

where in the first equality, the first term is zero because L is symmetric. Exchanging v 
and a, we arrive at 

Tg,r{A'^, L)'^^^ = Tg^riA'^, L)'^^^ — rTg^r-i{A'^, Ly^A^^. (22) 

Combining fl2Tl) and fl22l) gives (b). 

(c) follows from (b) by letting r = q. □ 

In the following proof, for simplicity / stands for J^^ and ^ stands for . 

Proof of Theorem\^ Let gt = e~'^^^g be a conformal variation of g such that uq = 0. 
Suppose = at t = 0. Then g' = —2(j)g and (fif"^)' = 2(j)g~^ . Consequently, dV = 
—n(j)dV and rfS' = — (n — l)0(iS. 

By conformal change formulas of Ag and L, we get directly that A[j = (pij and L'^^ = 
—Lapcj) + (j)ngai3- Therefore, by raising indices we obtain 

= ALg""^ + A,^g'^^ = <j^l + 20^1 (23) 

and 

L'i = L'^^g^^ + L^,g"^^ = + 0„^f . (24) 
Then by Lemma HI we have 

a'g^.^^^M^ , L) = (r + g + 2)cr,+i,,+i(A^,L)0+^r,,,(A^,L)^0^ 

~j-^n - 1 - g)a,,,+i(A^, L)0„, (25) 



+ 
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<+i(A) = 2{q + l)a,+i(A)0 + Tg{A))<Pl (26) 
a;+i(L) = (g + l)a,+i(L)(/) + (n - 1 - g)a,(L)0^„. (27) 

By Lemma [TT] (a), T'g(yl) is divergence free. Applying the integration by parts gives 
j ak{A)^ = j (y'^{A)dV + ak{A)dV' = {2k - n) j (7^(^)0 - j Tk-M)W ^ (28) 



where n is the unit inner normal, 
(a) By (!25|) and Lemma [3] (c), 

[ja,M^,L)^ = y{(4-n)0a2,i(A^,L) + iTi(L)^</>^ + ^ai(A^)</.„} 
= - L) + iri(L)^<^^ + ^TM)nM. (29) 

For the second term in the last integral, applying integration by parts we get 

Ti(L)^0^ = (fT,iLr^i4 - L^M = i{-Ti{L)lJ^ - 2a2(L)0„}, (30) 



where in the last equality we use Lemma |4](a), and the fact that L^^ ,^ = La/s,^ since the 
boundary is of codimension one. On the other hand, by the Codazzi equation, we have 
Rpn = -Ll^ + hp. Therefore, we get Ti(A)^ = -A^ = -^^RJ, = ^{Ll^ - hp). As 
a result, we have the relation Ti(L)^^^ = h^ad'p — L'^^^ = h^p — = —{n — 2)Ti{A)'^. 
Combining this relation, fl29|) and fl30|) gives 

(72,i(A^,L)^ = ^"{(4 - n)0a2,i(A'^,L) + '^T,{A)y^ - (72(^)04. (31) 

For n > 4, using ([27]) we have [§ a^i^L))' = §{{4-n)a3{L)(f)+{n-3)a2{L)(l)n}. Recall 
that = ^(72,1 (A^, L) + ^—^^as{L). Hence, we obtain {§ B^)' = (4 - n) ^ B^cf^ + 
§Ti{A)"'(p^. Going back to f l28l) . we finally arrive at 



A / n 



j a2{A)dV + j B^dH- K j dV^ = (4-n) (^j ak(j) + j B^ 

for constant A. Since n — 4 7^ 0, critical points of T2 restricted on M. satisfy a2 = constant 
in M and = in dM. 

For n = 3, note that ^h^ - = -^(ri{Lf + ai{L)a2{L). Then by ([27]), we have 

-^a^{Lf + ai(L)a2(L)^ = j{{-^-a,{Lf + a,{L)a2{L))<j, + 2a2(L)</.„}. 

Recall that = 2(T2,i(v4^, L) + i/i^ - i/i|L|2. Hence, we obtain {§ B^)' = §B^(j) + 
§ Ti{A)^(f>' . Now the rest of proof is the same as n > 4 case, 
(b) By 



j cr2fc_i_i,i(A^,L)^ = j 



{{2k - n)(t)a2k-^~lM^ ^L) 



i 2k — 2i — 1 

+ -, -^T2k^i~2,^-l{A'^ , LYpct^i + — -—{n -2k + i + l)a2k-^-2M^^ ^)<^n}. 

2k — t — 1 ^ 2k — I — 1 



(32) 
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For the second term in the last integral, applying integration by parts we have 
_ r in-2k + ^ + l){2k-2^-l) 

- fx 2k -i -2 J^2k-i-3,i-i[A ,L)pA^(p 

+ (^ - l)T2k-^-2,^-2{A^, LYpK^t^" - {2k - I - l)a2fc_.-l,.^l (A^, L)<Pn]. (33) 

where in the last equality we use Lemma [TTT b) and Lemma |l](a). 

Now recall that B'^ = "^^Iq Ci{n, k,i)a2k-i-i,i- Combining (!32|) and (!33|) gives 

= {2k-n) ^ B''(P + ^ I*Alcf)f + jll*(t)n, 
where 

and // = Eto Ci(n,fc,z)[-za2fc_._i,^i(A^,L) + ^^''''"/fclrf ^^^'^ ^2fc-.-2.(^^, ^)]- By 
definition, we have Ci = (^^~fc^)7(2fc-"27-i)!U! • Straightforward computations yield 



^ (2fc-i-3)!(n-2fc + i + l)!, 



^ (n- A;)!(2fc-2i-3)!!(i-l)!' 

>r4 {2k - i - 2)\{n - 2k + i)\ f aT r-,a _ rr. f .T-,a 

+ r„_Mlf9i-_9,-_1^11^-_9^1^2fc-i-2,i-2(A ,L)f,--Tk-2{A 



where the terms cancel out except the i = k — 1 term in the first summation. For II, 

rr _ {2k-z-l)\{n-2k + z)\ ^ 

- y~{n-k)\{2k-2t-mt- ,L) 

, ^ (2fc-z-2)!(n-2fc + z+l)! ..Tn- M^^ 

+ ^ (n-fc)!(2A:-2.-3)!!z! ^2.-.-2.(A , L) - ), 

where all terms are cancelled except the i = k — 1 term in the second summation. 
Finally, using Lemma [3] (c) and (d) we obtain 

js'^^ = {2k-n)jB^(t> + j-n^2{A^TpAl(l)^ + jau-i{A')(l)n 

= {2k-n) jB''(t> + jTk-i{A)W- 
Hence, by ( 128|) we arrive at 



j ak{A)dV + j B^dL -K j dV^ = {2k - n) (^j ak^p + j B^cf!^ 



A / n> 
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for constant A. Since n — 2A; 7^ 0, this gives the result. 

(c) First note that when the boundary is umbihc, by we have fi' = ^(p + (f)n- 
Therefore, by we have 



+ {2k - 22 - l)a,(A^)^2/=-2.-2^j_ ^34) 
For the second term in the last integral, applying integration by parts we have 

{(n - z)T,_2(A^)^0V'-'>. - (2^ -2^- l)T,_i(A^)>„(/.^ 

(35) 

where in the last equality we use Lemma fllT c) and Lemma [6]^a). 

Recall that B'' = Y.'lZl C2{n,k,i)aiii^^-^^-\ Combining (JM]) and ([35]) gives 

js^^ = {2k -n) ^ B''(j) + ^ I * fi^cj)^ + ^ II *(j)n, 
where 

I = Eto C2{n, k, i)[-{2k - 22 - l)T,_i(A^)^^2/c-2.-2 + _ ,)r,_2(A^)-/i2'=-2^] and II = 
Eto ^^{n, k, i)[-{n - t)ai^i{A^)fi^''-^' + {2k -2i- l)(Ti{A'^)fi^''-^'-^]. By definition, we 
have C2 = (^n-ky.{2k'-2i-iy.\ • Straightforward computations yield 

T _ ST^ {n — i — 1)\ f AT\a,,2k-2i-2 

^ - - ky.{2k - 2t - 3)\r~'^ 

+ {n-k)K2k-2^-ly/'-'^'^^^>''~'^ = -^^-^l^^^, 
where all terms are cancelled except the i = k — 1 term in the first summation. For II , 



k-l 



= 2^^~{n-k)\{2k-2^-lyf'-'^'^ 

I (n — Z— 1)! „ ( AT\,2k-2i-2 „ (A 

+ 1^ (n-A:)!(2A:-2.-3)!!"^^^ = "'^"^^^ 



where all terms are cancelled except the i = k — 1 term in the second summation. 
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Noting that by Lemma [6l we have A" = Ha- As a result, we obtain B^^' = 
{2k - n) § B^(t> + § -Tu-2{A^)'p^ia(f>'^ + § (yk-i{A^)(t)n- By Lemma[3](c) and (d), this gives 
{§ B'')' = {2k -n)§B^(l) + § Tk-i{A)'J^. Hence, by ([28]) we finally arrive at 

(^j ak{A)dV + ^B''dJ:-A j dV^ = {2k - n) (^j Ukct) + j B''(I^ - A j nc/) 

for constant A. □ 

Proof of CorollaryUi Let gt = e~^"*(7 be a conformal variation of g such that uq = 
and -u'^lo = (f). Since C{gt) = e^^''~'^^''' C{g) , we have C = {2k - l)(j}C. Therefore, 
= {2k — n) § CdT,. Combining the above formula with the results of Theorem [3] 

gives (/afc(A)ciy + §{B'' + C)dJ: - A J dV)' = {2k-n){J ak(p+§{B'' +£)(/))- A J n(j). □ 



4 Conformal Invariants yk 

In this section, we first show that jFn is a conformal invariant and then we prove Theo- 
rem H Let C4{g) = -2ai{A'^)h - 2{n - 3)A„/3L"^ + 2Rl^pL'^^ , which satisfies Ci{g) = 
e^''Ci{g)- see 

Proposition 3. Let {M,g) be a compact manifold of dimension n > 3 with boundary. 

(a) Whenn = A, then B^ = \B+\Ci. Therefore, J^2 = 2n\{M,dM) - ^ J + lf d 
is a conformal invariant. 

n 

(b) Suppose M is locally conformally flat. When n = 2k, then J-'n. = (n), x(^) dM). 

Proof of Proposition\^ (a) By Lemma H] (a), we have B^ = a2,i{A'^ , L) + a3fi{A'^,L) = 
^ai{A^)h — ^L'^A^ + |trL^ + — which is equal to ^B+ ^£4 by direct compu- 

tations. Since W and £4 are local conformal invariants, JF2 is then a conformal invariant, 
(b) Recall the Gauss-Bonnet formulas {A7r)'^x{M,dM) = J E^dV + §Y.tQi,nd^^ 

where = (2t (f)!)-! ) R...^ " " " ^.„-i J"'^'" ^nd 

_ 2t-2' ( "1 ■ ■ ■ On-i \ D /3i/32 _ _ D fe-i/32> rfe+i . . . r/3„_i ^^JhpT^ the 

Wi,n — j!{n_i_2j)!! 1 . . . ^ ^ I -"-0102 -'t«2i-i«2i -^a2!+i -^^Qn-i' vv nen me 

manifold is locally conformally fiat, by the curvature decomposition Rijki = Aikgji + 
Ajigik — Aiigjk — Aj^gu. It has been shown in [28] that En = 2 2"(|)!cr^ (A). We only need 
to compute Qi^n- 

= t\{n-l-2t)\\ S ( A ■ ■ ■ pZl ) + • • • 

( Al32i-i i-.P2i I /ifti „/32i-i\ r&i+i ... r/3n-i 

V 021-1^0:21 02iy02i-l/-^02i+l 0„_l 

r) — —2i / \ 

^ \^ { oii---aia2i+i---an-i \ .,r)2i4/3i 4ft7-fe+i r^n-i 

,\^rl-l-2^)\\^\^il■■■^3if32^+l■■■(in-l J ''^ ""^^ ^o,^02.+i ^o„_i 

25('r2, — 1 — i)! , rp ^ ri ,n,, , n , 

^a„„i_,,(A^,L) = 2^(-)!Ci(n,-,z). 
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□ 

Proof of Theorem ^ We will show that there exists a conformal metric g such that Aj^ G 
and the boundary is totally geodesic. Then by the result in [7], we can find a conformal 

metric g such that (TkiAg) = 1 and the boundary is totally geodesic. 

Let the background metric 5' be a Yamabe metric such that R = constant > and the 

boundary is totally geodesic. We prove inductively that we can find g such that A^ G r+ 

for m < k. Suppose g satisfies Ag G r^_^ and the boundary is totally geodesic. Define 

1 

^m-i = A + ^a^Zi{A)g. Under the conformal change g = e~'^'^g, the tensor 

1 

satisfies = A + ^a;:;^Z\{g-^A)g, where A = V'^u + du (g) du - l\Vu\'^g + A. Since 

am-i{A) is positive, we choose a large number 9 such that A^-^ is positive definite. Let 

f{x) = o"m > 0- Consider the following path of equations for —9 < t < 1 : 



CT^(^-M^_i) = /(x)e2" inM 

on (971 

1 1 



(36) 

1^ = ondM, ^ ^ 



where AeTl^ = {X: Xe r+„i, A + ^a:^z\{X)e G T+}. Note that if A + ^aZZ\{X)e G 

1 

r+, then we must have A G r^_;^ along the path because f7m-i(A+ ^o"™l^(A)e) can not 
be zero. 

Let S = {t e [-9, 1] : 3 a solution u G C^'''{M) to ([MD with A G L^}. At t = -9, 
we have m = is a solution and G r+. Consider the linearized operator V* : 

Lemma 12. The linearized operator : C^'"(M) fl {|^|aAf = 0} ^ C"(M) is invertihle. 

Proof. Let = crm(5'~^^m-i) ~ /'"e^'"" and Us be a variation of u such that u' = (j) aX 
s = 0. Then 



V = {F')'l=, = T^^,{g-'Al_,f{g-'Al_,l^-2mf^e'-\ 

1 -t 

em ^2mu i 



[T^^,{g-'Al_,f + -—al,ZZ-,'{g-'A)tTgT^_,{g-'Al_,)T^.,{g-'Ar 



+ 1st derivatives in — 2m/™e 

Since the terms in the parenthesis are positive, the linearized operator is invertible. □ 

The above lemma and the implicit function theorem imply that S is open. To complete 
the proof, it remains to establish a priori estimates for solutions to fl36|) . 
(1) C° estimates. 

Since |^ = 0, at the maximal point xq of m, we have \Vu\ = and V^u(a;o) is 
negative semi-definite, no matter xq being in the interior or at the boundary. Hence, 

/(a;o)e2"(^o) = a^{g-^Al^_^) < {^a;;^Z\{A)g + A) < C, where in the inequality we 
use t < 1. Therefore, u is upper bounded. 
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Now by [6] and Theorem [5] (a), we have IVm] < C. Thus, sxvpj^u < inf^f^ + C. 
Integrating the equation, 

m — i 

where we drop the terms for z = 0, ■ ■ ■ , m — 1, which are nonnegative. Since the boundary 
is totally geodesic, we have = 0. Therefore, 

0<ym< ^7 7^ < C(supe^'"")( / dV^f-^ < Ce^-sup.^-2minf._ 

(J dVg) n J 

Since supjv/ u <mfMU + C, we then have < 3^^ < C'e2'"™P"+'^. 
(2) C~ estimates 

By J6\ and Theorem [5] (a), we get interior and boundary estimates, respectively. 
Higher order regularity follows the same way as in (3) in the proof of Proposition [H □ 



5 Proofs of Theorem [5] and Corollary 

Proof of Theorem\^ Let W = V^tt + du® du — ||Vt/p(7 + S{x). The condition r^'" C F 
gives Q < tvg A = Au — ("^^) | Vnp + trgSix). Thus, Au has a lower bound and 

|Vm|^ < C(Am+ 1). (37) 

We first prove a lemma which will be used later to control the boundary behavior of u. 

Lemma 13. Let W be defined as above. Under the same conditions as in Theorem\^ we 
have 

(a) Wna = on DM and hence Fan = on dM; 

(b) Wap,n - 2^lWa(3 < -fie-^{Wa(3 + WnnQap)- 

Proof, (a) By ([TSD and (TO), 

Wan = Uan + UnUa + San = - H-a + /^^a " ftUaC'' + {- H + /le~'^)Ua + San = 0. 

To prove Fan = 0, since F is a function of fjj, we only need to show that ^^u^'' = 
(Ti_i)an = for all i. For i = 1, by definition (Ti)an = (yi{W)gan — Wan = 0. For general 
i, notice the recursive relation {Ti)an = criiW)gan — (Ti_i)ajWjn- Applying the induction 

hypothesis gives iTi)an = -(Ti-l)a/3W^/3n = 0. 

(b) By (HI) and (HI), 

WafH^n = Ua(3n + UaUpn + UanUfj - UlUlnQaP + Sa/i 

= (2/i - fie^'^){Uap + UaUp) - li^p + Rnl3an{-^^ + /^C^") - fiulga^ 
-(^ - fie''')u^gal3 - fie'^'UnngalB + Sal3,n- 
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Therefore, 

M^a/3,n = (2/i-/ie-")iy«/3-Ae"''W"„„-(2//-/ie-")»S„/3-/U5^ + i?n/3an(-/U + Ae"") 
+/ie Snn9al3 + Sal3,n- 

Now by (Tl) and (T2), we arrive at 

where the last inequahty is by nonnegativity of (x. □ 
We continue the proof of Theorem [5l 

(1) We show that on the boundary Unnn can be controlled from below by Am. More 
specifically, we have Unnn > —LAu + 3fiUnn — C for some number L independent of points 
on the boundary. 

At a boundary point, differentiating the equation on both sides in the normal direction, 
we get 

if{x, = + F"'^iy„„,„, 

where we have used F"" = by Lemma [T3l 

For case (a), by Lemma [T3l again. Wap^n — '^IJ^^ap < 0. Thus, 

= 2flF + F""(iy„„,„ - 2fiWnn) = 2/i/(x, U) + F""(iy„„,„ - 2flWnn), (38) 

where the first equality holds by Lemma [T] (a). By ( fT3l) and the boundary condition. 
Returning to fl38l) . we use the conditions \Vxf\ < A/ and < A/ to get 

-Cf < + f^Ur, - 2flf < F''^iW^n,n " 2fiW^^) < F""(n„„„ - 3fiU^n + + C). 



On the other hand, by condition (S3) we have F"" > > e ^^^^ ■ Hence, there is 



a 



positive number L such that 

Unnn > -LAu + 3nUnn " U^^fla " C (39) 

is true for every point on the boundary, where L and C depend on n, e, /i, Csup and A. 
For case (b), by Lemma [13] (b) we get 



{fix, u))n<Y, ^"''l - fie"\W^p + Wnn9ap)) + F""l^„ 



Q,/3 



(2/i - fie~^)fix, u) - fie-^ F""iy„„ + F""(W„„,„ - {2^i - Ae-")iy„„), 
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where the equahty holds by Lemma[T](a). Using the conditions | V^/l < A/ and l/z] < A/, 
the above formula becomes 

-Cf < + f.Un - (2^ - fie--)f < -fie-'' Yl + ^""(W^nn,n - {2fl " fte-^)Wnn) , 

a 

where C depends on inf u. Since fi is positive, if VF„„ > 0, then —Cf < F"'"'(Wnn,n — 
{2n — /ie~")iy„„). On the other hand, if Wnn < 0, by condition (A) we have —Cf < 
J^nn|^^r^^^^_ (^2fi + pfie~^)Wnn), where we drop the term F""' fle~^Wnn since it is negative. 
Hence, in both cases we obtain 

-Cf< F^^{Wnn,n ' 2flWnn + C\Wnn\). (40) 

Now by fll3p and fll4l) and combined with a basic fact that if C F, then \uij\ < CAu, 
we get 

Wnn,n " 2fiWnn + C\Wnn\ < Unnn + ("S/i + /ie"")M„„ + CAu + C. 

Returning to ( HOl) . note that by condition (S3) we have F"" > > e ^^^|"^ . Hence, there 
is a positive number L such that 

Unnn > -LAu + (3/i - fie-'')Unn " C* (41) 

is true for every point on the boundary, where L and C depends on n, e, p, p, fi, inf u, c^np 
and A. 

(2) We will show that A-u is bounded. The follow proof is for both cases (a) and (b), 
while the number C is understood as a constant depending on n, r, e, p, Csup and A for 
case (a), and n, r, e, p, p, fi, inf u, Csup and A for case (b), respectively. 

Define p on the half ball in Fermi coordinates by p{x',Xn) = /u(x'), where x' = 
[xi,- ■ ■ ,Xn-i)- Let H = 7]{Au + \Wu\^ + npun)e°'^" = r]Ke"'^" where a is some num- 
ber chosen later. Denote := . Let r){r) be a cutoff function such that < < 1, 

= 1 in i?r and r] = outside , and also |V?7| < C^ and \V^ri\ < ^. By fl?r|) . Au is 
lower bounded. Without loss of generality, we may assume r = 1 and 

K = Au+ |Vm|^ + npun:^ 1. 

At a boundary point, since rj = ri{r), we have rjn = 0. Differentiating H in the normal 
direction produces 

Hn = r]{Kn + aK)e"'''" = r]{Unnn + Uaan + (2li„ + np)Unn + 2UaUan + ai^)e"^". 

Using (fT3|) and (IT^ gives 

-f^n > ??(«„„„ - A/i + (2;U - /ie~")MaQ + (-^ + 2/ie"")M„„ + (2^ - /ie"")^^^^ 

-(n - l)/iaMa - /^(?^ - 1)(-/^ + Ae"")^ - Rnn{-f^ + A^"") + ttK - C)e''^" 

> ?7(Mnnn - (n - l)/i„Wa + (2^ - pe-'')K + (-3/i + pe~'')unn + aK - C)e''^". 
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By ( |37|) and the inequalities (l39l) and (14T!) for cases (a) and (b), respectively, we obtain 

Hn > r]{-L^u+{2^- fie-''')K -{n-l)^o.Ua-C + aK)e''''^ >Q 

for a > L — 2/i + /isup e~" + 1. Thus, H increases toward the interior and the maximum 
of H must happen at some point xq in the interior. 

Now we know the maximal point xq is in the interior. Thus, at xq we have 

Hi = 77,(Ke'^"") + iie''^-{Ki + aK5in) = 0, (42) 

and 

is negative semi-definite. Using (142|) . the above formula becomes 
Using the positivity of F*-', and (142|) to replace Ki and fC,-, we get 

Therefore, 

> r]F'^K,j -CY^ (43) 

i 

where we use conditions on r]. 

By direct computations, we have 

F'^Kij = F'^{uiiij + 2uiiUij + 2uiuiij + nfiiju^ + n^iUnj + n^jUni + nfxUnij). 
Changing the order of the covariant differentiations and using (!37|) give 

F'^Kij > F'^Uiju + F'^ {2uuui, + 2uiUi,i + n^lUijn) - C ^ ( 1 + | V'm | ) 

i 

i 

For I, notice that 

Wij^ii = Uijii + 2uuUji + UiUjii + UjUiu - {ukUkii + uli)gij + Sij^u. 

Then 

/ = F*^(VFij- - 2uiiUij - 2uiuUj + (uj^^, + UkUkii)gij - ;;), 

where F^^{uiUjii) = F^^{ujUiii) because F^^ is symmetric. Changing the order of differen- 
tiations again yields 

/ > F'mj^u + r^{-2u,iUi, - 2uiuu^ + [u]^ + UkUiik)9i.;) - C + | V\|). 

i 
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Now replace um and uuk by P2|) to get 

/ > F'^Wij^ii + F'^{-2uiiUij - 2uj{-2uiuii - nfiUni - nfiiUn -^K - aKdin) 



+ (|V^m|^ + Uk{-2uiuik - niiUnk - nfikUn - —K - aK5kn))gi, 



Vk 

k - TLflUnk - nflk'Un - 

-C"^F'%l + \V^u\). 

i 

By (1371) and the conditions on r^, we have 

I > F'^Wij^u + F'^{-2uHUij + Aujuiuii + (| V^m|^ - 2ukUiUik)gij 



u\ 



For II, we use the formula 

Wij^i = Uiji + UiUji + UjUii - UkUkiQij + Sij^i 

to obtain 

// = F'^{2uiiUij + 2ui{Wij^i-2uiUji + UkUkigij- Sij^i) 

+n^{Wij^n - 2UiUjn + UkUkn9ij " Sij^n)) 

> F'^ {2uuuij + 2uiWij^i - iuiUjiUj + 2ukUkiUigij + n/iM^,,- „) 
_C^F'X1 + |V\|t). 

i 

Combining I and II together, we find that 

F'^Kij > F'^Wij^ii + F'^{-2uiiUij + Aujuiuu + (|V\p - 2ukUiUik)gij) 
+F'^{2uiiUij + 2uiWij^i - 4:UiUjiUj + 2ukUkiUigij + 

i 

Here is the key step of the proof. Three terms from I cancel out three terms from II. 
Thus, after the cancellations we arrive at 

F'^K,^ > F'm,,^ii + F''\^M^g^j+F'K'^uiW,u + wWi,^n) 

i 

Now returning to (l43l) . applying rj on both sides produces 

> r^^F'mi,^ii + r^^F'^\V\\^g,j + r^^F'\2uiW,,^i + n^iW,j,r^) 
-CY^F'\l + r]'2\V^ 
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By the concavity of F, we have F^^Wij^u > {f{x,u))ii. Hence, 

i 

i 

i 

This gives (r^l V^n|)(xo) < C. Hence, for x G Bt, we have that H = [Au + |Vup + 
nfiUn^e"^" is bounded. Thus, Au is bounded. By (!37|) . |Vm| is also bounded. 

(3) To get the Hessian bounds, for case (b) it follows immediately by the fact that if 
C r, then \uij\ < CAu. As for case (a), note that from (2) above, we have rjAu < C 

and 77|VMp < C. Consider the maximum of //(V^u + du ^ du + fiUng)e°'^" over the set 

{x, ^) G {B^ , S"). We will show that at the maximum, x can not belong to the boundary. 

If ^ is in the tangential direction, without loss of generality, we can assume ^ is in ei 

direction. By formulas ( |T3l) and dHl), we obtain 

> 776""=" ((2// + a){un + ul + - fi^u^ - C) > 

for a > — 2/i + 1. If ,^ is in the normal direction, we first have that Am < n{unn + A*^) < 
nUnn + C- By fl39l) and fl37j) . we obtain 

{r]{Unn + ul + flUn)e''''")n = ?7(tt„„„ - + aM„„)e'''^" 

> r^e"^"(-LAM + 2/iM„„ + ait„„ - CqAm - C) 

> rie''''"{-n{L + Co)tx„„ + 2/i?/„„ + atx„„ - C) > 

for a > ra(L + Co) — 2// + 1. Thus, we conclude that at the maximum, x must be in the 
interior. We then perform similar computations as before using the inequality 77I Vwp < C 
to get the Hessian bounds. We omit the details here. □ 

Proof of Corollaryl^ It has been proved in Section [1] that Ag satisfies (T0)-(T2). We 
only need to verify the dependence of A and Csup in Theorem [5l 
Let fix, z) = f{x)e-^' and A = + 2. Then 

|V Jl < |V/|e-2^ < A(/e-2^) = A/ and \^\ = 2fe~'^ < Af. 
For Csup, it is easy to see that Csup < C'll/llc^ sup e~^" = C(||/||c2, inf m). □ 
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6 Proof of Theorem [6 



In this section, we prove Theorem [6l 

Proof, (a) Let A = V^u + du® du - \\Vu\^g + Ag ixndW = A + S. Recall that Ti{W) 

1 

{trgW)g — W is the first Newton tensor and F*-' = ^(Ti)ij, where F = cr|. Since F^^ i 



IS 



positive, we have 

n — 3 



TliW)nn = U^a ' - + Ti(y4)„„ + trS - Snn > 0. 



Thus, 

|2 



\Vu\' <C{l + u^^). (44) 

We will show that Uaa and hence | Viip are bounded. Define ^ on the half ball in Fermi 
coordinates by iJ.{x',Xn) = fJ^ix'), where x' = (xi, ■ ■ ■ ,Xn-i)- Let G = //(mq-o + Ma'Ua + {n — 
l)/iM„)e"^" = riEe°'^'\ where a is some number chosen later. Denote := 'Ylii^l- Let ri{r) 
be a cutoff function as in the proof of Theorem [5] (2). Without loss of generality, we may 
assume r = 1 and 

E = Uaa + UaUa + {u — l)^Un > 1. 

Therefore, by flH|) we get Uaa ^ 1- Hence, we also have UaUa < E on the boundary. 

At a boundary point, since rj = rj{r), we have rj^ = 0. Differentiating G in the normal 
direction produces 

Gn = r]{En + aF)e°^" = r]{uaan + '^UaUan + {u - l)/i^/„„ + aF)e"^". 
Using f[T^ and ffT^ gives 

Gri = Vi'^^^Uaa + 2fIUaUa - (n - - A/i - (n - l)^aUa + /^-Rnn + a£')e"^" 

> ri{2nE -{n-l)fiaUa + aE -C)e^''". 



By dBl), we obtain 

> r/((2/i + a)F- (n- -C)e"^" > 

for a > — 2/i + 1. Hence, the maximum of G must happen in the interior. 

Now we know the maximal point xq is in the interior. Thus, at xq we have 

G, = r7,(Fe'^"") + r7e'^""(F, + aE6,n) = 0, (45) 

and 

G,, = ?7^,(Fe'^^") + Vi{Ee''''")j + Vj{Ee''"")i + v{Ee''^")^j 
is negative semi-definite. Using (H5|l . the above formula becomes 

Gij = {r]ij - 2r]-^r]irij)Ee''''" + r7e"^"(Fij + aEi6jn + aEjSin + a'^ESinSjn)- 
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Moreover, direct computations show 

+ {n- l)fljUni + {n- l)flUnij. 

Using the positivity of F*-^ , and (l45l) to replace i^j and Ej, we get 

> F^^Gi.e-""" = F^^((r/,, - 2r]-\7]j)E + r^{Ei, - ar]-\E5jn - ar]-'r]jE5^n 

'E6,J,n)) > VF^'E,, -CY, F''E, (46) 



where we use conditions on 77 in the inequahty. 

To compute F'^^Eij, using the formulas for exchanging the order of differentiations the 
first term in Eij becomes 

F Uaaij F iUijaa Rmaia'^mj RmijaUma Rmaja^mi ~\~ RmiajUma 

> r'ui,^^ - |F"Vn| - c + \vu\ + Wp\ + 

i i a,l3 a 

Therefore, 

i i a,P a 

where we use f Hl|) . Denote / = F^^Uijaa and // = F""^ {2uaiUaj + 2uaUija + (n — l)fiUijn). 
For I, notice that 



Then 

J > - 2UaiUaj - 2UiaaUj + (u^ + UkUkaajgij) -^Y ' 

i 

Exchanging the order of differentiations, the above formula becomes 

/ > F'^iyVij^aa - 2UaiUaj - 2UaaiUj + {ul^ + UkUaak)gij) -^Y ^"(^ + I^^H' 

i 

where we use (Hill . Now using to replace Uaai and Mq,q,a; yields 

-r]~'^r]iE - aMi„) + {uk{-2uaUak - {n - l)fikUn - (n - l)fiUnk - V'^VkE 
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Noting that E < C(^^Mq,q, + 1). By ( l44l) and the conditions on rj, we arrive at 

-(n - l)^UkUnk + ^^D^y) - XI + I'^^l^ + ^"^(Xl ^"")^)- 

For II, we use the formula 

Wij^i = Uiji + UiUji + UjUii - UkUkWij + Aij^i + Sij^i 

to obtain 

II F (2,Ui;yiUaj -\- lUaiyVij^a 2UiUja -\- UkUkaQij ^jj,a Sij,a) 

+ {n - l)fl{Wij^n - "iUjUni + UkUkngij " ^y,n " Sij^n)) 

+ 2UaWij^a — 4:UiUjaUa + 2UkUkaUa9ij + {n — l)flWij^n 

-2{n - l)fiUniUj + (n - l)fiUkUkngij) - C^F'\1 + \Vu\). 

i 

Combining I and II together, we find that 

I + II > F'^Wij^aa + F'^{-2UaiUaj + AUjUaU^i + 2{n - l)fmiU„j + {-2UkUaUak 
— {n — l)fiUkUnk + Uk^)gij) + F^^{2UaiUaj + 

+2UkUkaUa9ij + (n- l)ljWij^n " 2(n - l)fmjnUi + (n - l)fiUkUkngij) 

i a 

Five terms from I cancel out five terms from 11. Tlius, after tlie cancellations 

I + II> F^W,,, + F'\ul^g,, + 2u^W,,,^ + (n - l)^iW,,,^) 

-CJ2f^\1 + \Vu\' + r^--2(J2uaa)h. (47) 

i a 

Now returning to (HSj), applying rj on both sides produces 
> 77^(1 + II) - Cv' - E ^"(1 + E + E - E 

i i a,/3 a i 

By ( |47I) . the above formula becomes 

i i a, 13 a a 
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where we have used the fact that E < Cl'^^Uaa + 1) and (jHj). By the concavity of F, 
we have F^^Wij^^a > {..f{.x,u))aa- Hence, 

> ?7^F*^w^„5(ij + 772(/(x,i/))<^c. + 2?7^m„(/(x,m))c, + (n - l)^r72(/(x,?/))„ 

i i a,p a a 

Therefore, 

i i a, 13 a a 

(48) 

i 

where we use Lemma [1] (b). 

The term \F'^"'Unn\ can be estimated as follows. Note that 



2\ 



Since W G F^, a basic algebraic fact says that —^^ai < Aj < cri, where Aj's are the 
eigenvalues of W. Therefore, \Wnn\ < Cj^i^a- Recall F^^ = jpTij. Hence, we have 

j j 

Consequently, 

|F""Mnn| < C\T,iWU\ E F" + CJ2f'\1 + I V^/H <CY^ F'\l + | V^j^ + 
and 

|i^""wnn| < C\T,{WU\ E + C 5^ F**(l + I VwH <cY,F'\l + Y. M). 
Returning to fllSl) . we obtain 

> E^"(^'E"'/5-c'(i+^Ei"-/^i+^^(E^-)^)) 

This gives (?7|Ma/3|)(xo) < C. Thus, for a; G Br, we have that G = {uaa + ^^o^q, + {n — 
l)/xii„)e"^" is bounded. As a result, ^^Waa — is upper bounded. On the other 
hand, since Ti(W)nn is positive, J2a''^oia — ^^^|VmP — C. Hence, \Vu\ is bounded. 
Consequently, Uaa is also bounded. 
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(b) Let i* = A + ^{trgA)g = V^u + du® du - l\Vu\'^g + ^{Au - ^\Vu\^)g + A\ 
where -Q < t < 1. Let W = + S. The condition W eV^ gives 

n — 2 

< tr,W = (3 - 2t)tr,A + tr,S = (3 - 2mA. - —\Vuf + A,) + (.5. 

Therefore, we have 

iVwp < C(Am+ 1). (49) 

In the following proof, we adopt the notation F*-' = ^§^-^, where F = cr| . 

(1) We show that on the boundary Unnn can be controlled from below by Au. More 
specifically, we have Unnn > —LAu — C for some number L independent of points on the 
boundary. 

At a boundary point, note that Ti{W)an = —Wan = —Aan — San = by (fT3|l . Lemma[6] 
(a) and the assumption on S. Therefore, F"" = = Q. Differentiating the equation 

on both sides in the normal direction at a boundary point, we get 

1-t 

~2 



~\~F {Ann,n ~ ^^Ann + Snn,n ~ 2^Snn) + 2/i/(x, u) , 

where in the second equality we use Lemma [T] (a). Using Lemma [Hand the assumption 
on S, we have g°'^{Aai3^n — ^nA^p) = and g°''^{Sa/3,n — ^fiS^fs) < 0. Therefore, 

-C < {f{x, U))n - 2/i/(x, U) = - ^^^{Aaf3,n " 2yui„/3 + Sal3,n - ^flSa/s) 

H ^ ^ ^ (^nn,n ^flAnn) ~l~ F (^rtn/ra 2/iy4.^„ -|- Snn,n ^jlSnn)- 
i 

By f fT3|) and f|T^ . we can compute directly that Aap^n — ^^iAap = —2fiAai3+ fJ.af3~ f^^nf3an + 
Aap^n- Hence, Aa^^n — 2fiAai3 + Sai3,n — ^fiSafi is bouudcd. Thus, 

^c<J: + F""(^„„. - 2M„,. + c) + F«(A„,,„ - 2M,.„), (50) 

a,/3 i 

On the other hand, 

< fix, = T,{Wr^Wap + T,{Wr^Wnn = - J2{Wa/3y + Ti{W)nn{trgW + Wnn). 

Using the above formula, (l50i) becomes 

-C < F^^'itrgW + Wnn + Ann,n - 2^1 Ann + C) + ^ ^ F"(i„„,„ - 2/ii„„). 
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Hence, 

-C< + (1 - 2/i)i„„ + ^-^tr^A + C) + ^Y1 ^"(^-," - 2/^^-)- (51) 

i 

Since W G Tj, we have < CtrgW. This gives < CtrgA+C, and < CAu+C 
by pOl) . We also get that at a boundary point, 

by (fT3l) . Hence, returning to (I5T1) we obtain 

_C< (F"" + i^5^F-)(i„„,„ + Ctr,i + C) < (F-- + i^^F-)K„„ + CAii + C). 

i i 

Finally, since F = ct| satisfies (S3), we have that F'^ > Cj^g'^ = Cj—:~:^g'^ > 
At!+c ^'"'- Thus, there is a positive number L such that 

Wnnn > -LAu - C (52) 

for every point on the boundary, where L and C depend on n, ||/i||c2, Qup and Cinf. 

(2) We will show that A-u is bounded. Let H = r]{Au + |V'up)e"^" = riKe"-^"^, where 
a is some number chosen later. Let rjlr) be a cutoff function as in (a). Without lost of 
generality, we may assume r = 1 and K = Au + | Vtip ^ 1. As a consequence, by f H9|) 
we get A-u ^ 1. 

At a boundary point, differentiating H in the normal direction produces 

Hn = ri{Kn + aiC)e"^" = r7(M„„„ + + 2M„ii„„ + 2i/„i/o„ + aA')e''^" . 
Using (fT3l) and (fT4l) gives 

i^n = ?7(Mnnn + 2/iM„„ - (fi + 1)^M„„ - {u - 1)//^ + 2//?/„lia - AyU + (n - ?>)UaHa 

+liRnn + aK)e''''" 

Note that l^ijl < C{Au + 1). Then by (gg]) and ([52]), we obtain 

> v{-{L + Co)Au+{2fi + a)K -Qe""^" >0 

for a>L — 2// + Co + l. Thus, the maximum of H must happen in the interior. 

The rest of proof is similar to that of Theorem [5l to be precise, formula ( H2l) and 
below. Since the proof is almost the same, we just sketch here. 

At the maximal point Xq, we have 

H, = ViiKe''^-) + <""(K. + aKS^n) = 0, (53) 
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and 

Hij = {rjij - 2r]-^r],rij)Ke^''^ + i^e"""- {K,j + aKidjn + aKjSin + a^K5in5jn) 

is negative semi-definite. 

Using the positivity of F*-', and ( l53l) to replace and i^^-, we get 

> F'^ Hi^e-"''" > r]F'^Kij -Cj^ ^''K. (54) 

i 

By direct computations, we liave 

i 

Denote / = F^^Uijn and // = F''^{2uiiUij + 2uiUiji). For I, using tlie formula of Wij^u, 
I > F'^Wij,a + r'{-2uuui, - 2uu.^j + {u^ + UkUuk)gij) - C ^ F'\l + | V\|). 



Now replacing um and by ( 1531) produces 

/ > F'm,,^u + F'K-2uuUi^-2uj{-2uiUu-'^K -aK5in) 

rj 

+ (|V\|' + Mfc(-2iii«,fc - - aK4n))f7i,) - C V F*^(l + I V^nl). 

ri ^-^ 

i 

By (1491) and the conditions on i], we have 

I > F'm,,,u + F'J ( -2uuuij + Aujuiuu + {\S/^u\^- 2ukUiUik) g^,) -CJ2 ^ (1 + 1 

i 

For II, we use the formula of Wij^i to obtain 

// > F'^{2uuui, + 2uiW,,^i - AuiUjiUi + 2ukUkiUig,,) - C J] F'^(l + 

i 

Combining I and II together and after canceling out six terms, 

i 

Now returning to fl5^ . applying r] on both sides and by the concavity of F, 

> ?7'^F^W'«r + ^'(/(^,«))« + 2r7'^K/(^,^))/-C^$^^"(l + ^^|V'i^|^) 

i i 

> ^F^^(r72|v2wp-C-C?7|V\| -C?7t|V'w|i). 

i 

This gives {'r]\V'^u\){xQ) < C. Hence, for x G st we have Am and |Vti| are bounded. 
(3) For the Hessian bounds, it follows that if C F, then \uij\ < CAu. □ 
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